We consider the Green polynomials at roots of unity. We obtain a recursive formula for the Green polynomials at roots of unity whose orders do not exceed some positive integer. The formula is described in a combinatorial manner. The coefficients of the recursive formula are realized by the cardinality of a set of permutations. The formula gives an interpretation of a combinatorial property on a family of graded modules for the symmetric group in terms of representation theory.
Introduction
The Green polynomials X μ ρ (q) were introduced by J.A. Green [3] (see also [8] ) for describing irreducible characters of the finite general linear group GL n (F q ) over a finite field F q . These polynomials are characterized as the components of the transition matrix between the powersum functions p ρ (x) and the Hall-Littlewood functions P μ (x; q). A result of the Green polynomials at roots of unity was first obtained by A. Lascoux, B. Leclerc and J.-Y. Thibon [7] , originally conjectured by A. Morris and N. Sultana [12] , which describes a behavior of Green polynomials X μ ρ (q) corresponding to rectangle partitions μ at roots of unity whose order divides the length of μ. This result is founded on two properties of 'modified' Hall-Littlewood functions Q μ (x; q) at roots of unity, which are also due to Lascoux-Leclerc-Thibon [6] . These formulas are called the factorization formula and the plethystic formula. In this paper, we study the Green polynomialsX μ ρ (q) at roots of unity for any partition μ. Let l be a positive integer not larger than the maximum multiplicity of μ. We show a recursive formula forX μ ρ (q) at q = ζ j l for each integer j such that 1 j l − 1. The results of Lascoux-Leclerc-Thibon [6] also play an important role here. The main result of this paper generalizes a formula of Lascoux-Leclerc-Thibon [7] .
We also consider the formula in terms of representation theory of the symmetric group S n . For a partition μ of weight n, we can associate a graded S n -module R μ called the Springer module corresponding to μ [16, 17] . This is an S n -module structure on the cohomology ring of a certain subvariety of the corresponding flag variety determined by μ. The module R μ is isomorphic to the induced module Ind S n S μ 1, where S μ is the Young subgroup corresponding to μ, and 1 stands for the trivial module for S μ [2] . The Green polynomialX μ ρ (q) is precisely the graded character of R μ [4] , and the recursive formula is equivalent to a representation theoretical interpretation of a combinatorial property of R μ , which we call the 'coincidence of dimensions' in this paper, that is, for a positive integer l not larger than the maximum multiplicity of μ, the direct sums R μ (k; l) (k = 0, 1, . . . , l − 1) of the homogeneous components of R μ whose degrees are congruent to k modulo l, have the same dimension. The recursive formula shows that there exist a subgroup
This is a generalization of our previous works [9] [10] [11] for Springer modules corresponding to partitions of special types. See [1, 5, 13, 15, 18] for related topics. (Recently, the result of this paper has been proved for a general setting by Shoji [14] .)
It can be seen that the interpretation of the coincidence of dimensions is equivalent to the existence of a certain S n × C l -module isomorphism. Let μ be a partition and m i the multiplicity of i in μ. Let l be a positive integer that is not larger than the maximum multiplicity of μ, and m i = lk i + r i where 0 r i l − 1 for each i 1. We define partitions μ(l) andμ by (i lk i ) i 1 and (i r i ) i 1 respectively. Then one can show that, as S n × C l -modules,
This isomorphism is implied by the recursive relation between the Green polynomials corresponding to μ andμ at roots of unity, which is derived from the factorization formula and the plethystic formula of the modified Hall-Littlewood functions.
Throughout this paper, we mainly follow [8] for fundamental notation on partitions and symmetric functions. The ground field is the complex number field C. The set of integers is denoted by Z. For a finite set X, X denotes the cardinality of X. For a positive integer l, we denote by ζ l a primitive lth root of unity.
Preliminaries
Let μ = (μ i ) be a partition. The conjugate of μ is denoted by μ . The weight of μ, the sum of the components μ i , is denoted by |μ|. If |μ| = n, then we write μ n. The length of μ is denoted by l(μ). 
Let 
Our main interest lies in a behavior of Green polynomials at roots of unity. In view of (2.3), the following result [6] on modified Hall-Littlewood functions are fundamental to our argument.
Proposition 2. (Lascoux-Leclerc-Thibon) Let μ n and l a positive integer such that l M μ .
Suppose that m i (μ) l for some i 1. Then we have:
The first identity is called the factorization formula, and the second one the plethystic formula. One can see [8, I ; (2. 14)', (8.5)] that
(2.4)
Roots of unity
In this section, we describe a recursive formula for the Green polynomials at roots of unity. Let μ n, l a positive integer with 2 l M μ , and m i (μ) = lk i + r i , 0 r i l − 1, for each i. Set k = k 1 + 2k 2 + · · · + nk n and r = r 1 + 2r 2 + · · · + nr n . Let μ(l) be a partition (i lk i ) lk, and let
We introduce a 'partition of a partition' as follows. For ν = (ν 1 , ν 2 , . . . , ν d ) n, a partition of ν is by definition a sequence of partitions λ = λ (1) , λ (2) , . . . , λ (d) such that
, and the weight |λ| is defined by the sum of weights of the components λ (i) , which is equal to n = |ν|. Define z λ :
for each positive integer k, and let
.
For a positive integer l, let lλ denote a partition of a positive integer whose components are those of lλ (i) 
Note that different λ's may define the same lλ. Let ρ be a partition and ν a subpartition of ρ. Then we define
Note that
Let μ be a partition, l: 2 l M μ fixed, and p a positive integer which divides l. For a partition ρ, define
If there exists no λ μ(l) 1/p such that pλ = ρ, then we define C(ρ, μ; p, l) = 0.
Example 3. Take μ = (5, 4, 4, 2, 2, 1) and
Now we can state our main result.
Theorem 4.
Let μ, l, μ(l),μ, k and r be as above, and ζ = ζ l a primitive lth root of unity. Let j be an integer such that 1 j l − 1. Suppose that the order of ζ j is p. Then it follows that
Proof. By Proposition 2, we have
By (2.4), this equals
where
and we can see from (2.
Now it is straightforward to show that
Finally, we can show that ζ n(μ)−n(μ) = (−1) s , which completes the proof. 
Permutation enumeration
We have given a recursive relation for Green polynomials. In this section, we show that the coefficients
in the expression count the cardinality of a set of permutations. Let μ n, and l: 
∪R i be as above. We denote by
, the restriction of the map T μ to R (j ) i , for each i, j . Then we define Let H be the subgroup of S n consisting of the elements which stabilize each row of T μ | μ(l) , and fix the remaining numbers. It obviously follows from the definition that the group H is isomorphic to the Young subgroup S μ(l) . Let K be the symmetric group of the numbers which are not written in T μ | μ(l) . This group is isomorphic to S r . Remark that a μ (l) commutes with each element of K. Now let W μ (l) be a subgroup of S n defined by in the formula (3.1) coincides with the number of representatives σ ∈ S n /S μ(l) × S r satisfying wσ a −j = σ πτ , where π ∈ S μ(l) and τ ∈ S r such that ρ(r) =ρ.
Proof. Let w ∈ S n be a permutation of cycle type ρ. Since such a permutation is conjugate to an element of the subgroup W μ (l), we may assume that
where π ∈ S μ(l) and τ ∈ S r . Suppose that a representative σ ∈ S n /S μ(l) × S r satisfies the condition wσ a −j ≡ σ i modulo S μ(l) × S r , i.e., Similarly, since m ((1,1) , (2) ,(1,1)) = m ((1,1) , (1, 1) ,(2)) = 6, there exist six representatives satisfying (4.2) for each remaining two representatives in (4.3). Now we have produced 18 = C((4, 2, 2, 2, 2), μ; 2, 2) representatives satisfying (4.2).
Choose one among these 18 representatives, σ = [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] for example. Corresponding to the cycle type decomposition of w, we can exchange {1, 2} and {3, 4}, 5 and 7, 6 and 8, 9 and 11, 10 and 12 without violating (4.2). Thus we have new 32 = 2 l ((4,2,2,2,2) ) representatives satisfying (4.2) for each 18 representatives. Therefore we have C((4, 2, 2, 2, 2), μ; 2, 2)2 l ((4,2,2,2,2) ) appropriate representatives for the initial permutation σ . Hence we have
representatives of σ ∈ S 15 /S (2 6 ) × S 3 satisfying (4.2).
Representation theory of symmetric groups
In this final section, we shall interpret the main result in terms of representation theory of the symmetric group.
Let n be a positive integer, and X n the set of complete flags 0
Then X n has a structure of an algebraic variety, called the flag variety. Let u be an n × n unipotent matrix. Let μ = (μ 1 , μ 2 , . . . , μ t ) n be a partition and suppose that the sizes of Jordan blocks of u form the partition μ. The action of u on V induces an action of u on X n . Let X μ denote the set of fixed points of X n with respect to the action of u, which is a subvariety of X n . The variety X μ is called the fixed point subvariety of X n corresponding to μ. One can show [16, 17] that the symmetric group S n acts naturally on the cohomology ring H * (X μ ) of X μ which is called the Springer module corresponding to μ n. The Springer module is a graded S n -module, i.e., each homogeneous component of H * (X μ ) is also an S n -module. Since the odd degree parts of H * (X μ ) are zero, we define a graded S n -modules
The graded module R μ is also called the Springer module. The highest degree of the graded space R μ is given by n(μ). As an S n -module, R μ is isomorphic to the induced representation Ind S n S μ 1, where 1 stands for the trivial representation of the Young subgroup S μ [2, 4] . From this fact, we can easily see that the dimension of R μ is given by We shall see (Corollary 12) that, if l satisfies l M μ , then the dimensions of these l submodules R μ (k; l) do not depend on k. This property is related with a behavior of the Hilbert polynomial
at roots of unity. Remark that, since char R d μ (1 n 
The following proposition is a consequence of Proposition 1.
Proposition 11. Let μ be a partition. Then there exists a polynomial
By [10, Lemma 3] , it follows that: 
Our problem is the following: Find a subgroup H (l) and its modules Z(k; l) (k
Since the dimension of the induced module Ind 
where ϕ (r) l is a one-dimensional representation of S μ(l) C l , on which C l acts by a scalar multiplication a → ζ r l , and the Young subgroup S μ(l) acts trivially. It is obvious that dim Z μ (k; l) = dim Rμ for each k = 0, 1, . . . , l − 1, i.e., the dimension of Z μ (k; l) does not depend on k.
We shall show that
In fact, we show that there exists an S n × C l -module isomorphism
originally suggested by T. Shoji, which is equivalent to (5.2). We define S n × C l -module structures on R μ and Ind
Rμ as follows. In both cases, the S n -actions are natural ones. The action of C l on R μ is defined by
The C l -action on
is defined by
The S n -action and the C l -action now defined commute on each module.
Theorem 13. There exists an isomorphism of S n × C l -modules
Proof. Since we work on a field of characteristic zero, it suffices to show the following identity:
char R μ w, a j = char Ind 
It follows from the condition (w, a j )(σ ⊗ x)| σ ⊗x = 0 that wσ a −j ≡ σ modulo S μ(l) × S r . Therefore w is conjugate to an element of the form πτ a j , π ∈ S μ(l) and τ ∈ S r . It follows from Lemma 8 that the cycle type ρ of w is of the form ρ = pρ ∪ρ, for some ρ μ(l) 1/p andρ r. Let ρ be a partition of the form ρ = pρ ∪ρ, for some ρ μ(l) 1/p andρ r and suppose that w ∈ S n is an element of which cycle type is ρ. Then, again by Lemma 8, w is conjugate to an element πτ a j of W μ (l), where π ∈ S μ(l) and τ ∈ S r . We may assume that w = πτ a j , π ∈ S μ(l) , τ ∈ S r , without loss of generality. Let {σ 1 , σ 2 , . . . , σ t } be the system of complete representatives of S n /S μ(l) × S r (t = S n / S μ(l) S r ). Then we have char Ind Assume that char(σ i ⊗ Rμ)(w, a j ) = 0. By the assumption, there exist π i ∈ S μ(l) and τ i ∈ S r such that Let ν r be a partition such that ν ⊂ ρ. By Proposition 10, the number of representatives σ i ∈ S n /S μ(l) × S r satisfying wσ i a −j = σ i π i τ i , π i ∈ S μ(l) , τ i ∈ S r , such that ρ(τ i ) = ν is given by ρ ν C(ν, μ; p, l)p l(ρ\ν) .
Thus we have 
